In this note, I detail some conjectures related to Schubert calculus in types B and D. These are mentioned in [Wys12] , but are not spelled out in a precise way there due to the fairly large amount of notation required to give precise statements. They are based upon an as yet conjectural understanding of the weak order poset of L-orbits on G/B, where (G, L) = (SO(2n + 1, C), C * × SO(2n − 1, C)) (type B) or (SO(2n, C), C * × SO(2n − 2, C)) (type D). In each case, L is a Levi subgroup of L which is "spherical", meaning it acts with finitely many orbits on the flag variety G/B. The idea is to identify the L-stable Richardson varieties with certain of the conjectural orbit parameters. Fix the following notation:
• G a complex reductive algebraic group; • B, B − ⊆ G opposite Borel subgroups;
• T = B ∩ B − , a maximal torus of G;
• W = N G (T )/T , the Weyl group; • P, P − ⊆ G opposite parabolic subgroups containing B, B − , respectively; • L = P ∩ P − the common Levi factor of P, P − .
For each w ∈ W , there exists a Schubert class S w = [B − wB/B] ∈ H * (G/B). It is wellknown that the classes {S w } w∈W form a Z-basis for H * (G/B). As such, for any u, v ∈ W , we have S u · S v = w∈W c w u,v S w in H * (G/B), for uniquely determined integers c w u,v . These integers are the Schubert structure constants.
It remains an open problem, even in type A, to give a positive combinatorial formula for an arbitrary Schubert constant c w u,v . Various special cases are understood; see [Wys12] for one example of such a special case, as well as the other works referenced in the introduction to that paper. The rule of [Wys12] is deduced using the following simple observation: In the notation above, if L is a spherical Levi subgroup, X u = BuB/B is a Schubert variety stable under P , and X v = B − vB/B is an opposite Schubert variety stable under P − , then the Richardson variety X v u := X u ∩ X v is stable under L. Since L has finitely many orbits on G/B, it of course has finitely many orbits on X v u , and so there is a dense L-orbit on X v u . Thus the Richardson variety X v u is the closure of an L-orbit. Since knowing the Schubert constants c w w 0 u,v is the same as knowing the expansion in the Schubert basis of [X v u ], one can use a theorem of M. Brion to deduce these constants. This theorem expresses the class of any spherical subgroup orbit closure on G/B as a sum of Schubert cycles, in terms of weighted paths in the weak order graph for the set of L-orbits on G/B. To turn these simple observations into a useful combinatorial rule, one must do the following:
(1) Determine exactly which Richardson varieties are stable under L.
(2) Have a concrete combinatorial model of the set L\G/B, as well as an understanding of its weak order in terms of that model. (3) Match up the Richardson varieties stable under L with the appropriate L-orbit closures.
Step (1) above is easy -the L-stable Richardson varieties are of the form X v u where u (resp. v) is a maximal (resp. minimal) length coset representative of W P \W , with W P the parabolic subgroup of W associated to P . In [Wys12] , the remaining steps are carried out for the pair (G, L) = (GL(p + q, C), GL(p, C) × GL(q, C)) using the known parametrization of L-orbits in that case, those results being due to Yam97] ). For the type B and D pairs mentioned above, no parametrization of the L-orbits has appeared in the literature. What has appeared (again, cf. [MŌ90] ) is a parametrization of K-orbit closures, where K is the symmetric subgroup
. Note that each of these symmetric subgroups is disconnected, having two components, and that L = K 0 in both cases. Thus each K-orbit is either disconnected, being a union of two distinct L-orbits, or is connected and coincides with a single L-orbit. A parametrization of the L-orbits then amounts to knowing which K-orbits are connected and which are not. Given this information, one can then easily deduce the weak order on L-orbits from the (known) weak order on K-orbits. Below, I give specific conjectures on these matters. The conjectures on the orbit sets were suggested first to me by Peter Trapa, so I attribute them to him. They have been verified using ATLAS (available at http://www.liegroups.org/) through reasonably high rank. Assuming those conjectures to be valid, we carry out the remaining steps for the type B and D pairs mentioned above, identifying the L-stable Richardson varieties, matching them with the proper combinatorial invariants for the L-orbit closures, and getting a rule for structure constants from this matching. This portion of the argument can be proven just as we do for the type A case in [Wys12] , although I do not write down the proofs here. What makes them conjectures at this point is simply the lack of a proof of Trapa's conjectures regarding the set of L-orbits. The Schubert calculus conjectures themselves have been tested using C code written by Dominic Searles which implements the algorithm of [Knu03] . Conjecture 6 (type B) has been verified to hold through rank 6, and in rank 7 for all suitable u, v with l(u) + l(v) ≤ 12. Conjecture 10 (type D) has been verified to hold through rank 7.
Details
As indicated above, we discuss the type B pair (SO(2n + 1, C), C * × SO(2n − 1, C)) and the type D pair (SO(2n, C), C * ×SO(2n−2, C)). In each case, L is the Levi factor of the maximal parabolic subgroup P of G corresponding to omission of the simple root α 1 = x 1 − x 2 , and is known to be spherical. We realize W as signed permutations of {1, . . . , n} (changing an even number of signs in type D), and denote these in one-line notation with bars over some of the numbers to indicate negative values. For instance, 213 denotes the permutation sending 1 to 2, 2 to −1, and 3 to −3.
In type B, the following facts are easy to check:
(1) Left cosets W P \W consist of all signed permutations whose one-line notations have either 1 or 1 (not both) occurring in a fixed position (for a total of 2n such cosets). For brevity, say a coset is "positive" (resp. "negative") if it consists of signed permutations having 1 (resp. 1) in a fixed position. (2) The minimal length element of such a coset has 2, . . . , n appearing in order in the one-line notation. (3) The maximal length element of such a coset has 2, . . . , n appearing in order in the one-line notation.
In type D, things are similar, but a bit more complicated to state due to the fact that all signed permutations must change an even number of signs:
(1) As in type B, left cosets W P \W consist of all signed permutations whose one-line notations have either 1 or 1 (not both) occurring in a fixed position. Again, we describe these cosets as "positive" or "negative" for short. (2) The minimal length element of such a coset can be described as follows: If the coset is positive, then the minimal length element has 2, . . . , n appearing in order. If the coset is negative, then the minimal length element has 2, . . . , n − 1, n appearing in order. (3) The description of the maximal length element of such a coset depends on whether n is even or odd.
(a) If n is odd, and if the coset is positive, then the maximal length element has 2, . . . , n appearing in order. If the coset is negative, then the maximal length element has 2, . . . , n − 1, n appearing in order. (b) If n is even, and if the coset is positive, then the maximal length element has 2, . . . , n − 1, n appearing in order. If the coset is negative, then the maximal length element has 2, . . . , n appearing in order.
In light of the comments of the introduction, we are interested in Richardson varieties X v u where u (resp. v) is a maximal (resp. minimal) length coset representative of W P \W . Given such a u, v, say for short that u is "positive" (resp. "negative") if it represents a positive (resp. negative) coset, and likewise for v. Then we have the following result on when u ≥ v in Bruhat order. The proof, which we omit, follows easily from the characterizations of the Bruhat order in types B and D given in [BL00, §3.3,3.5]:
Lemma 1. In type B, suppose that v is positive. If u is negative, then u ≥ v. If u is positive, then u ≥ v if and only if the 1 in the one-line notation for u appears to the right of the 1 in the one-line notation for v (i.e. u −1 (1) ≥ v −1 (1)). If v is negative, then u ≥ v if and only if u is also negative, and the 1 in the one-line notation for u appears to the left of the 1 in the one-line notation for v (i.e. u −1 (1) ≤ v −1 (1)). In type D, the same holds, except when v is positive, u is negative, and v −1 (1) = u −1 (1) = n. In this case, u and v are not comparable in Bruhat order.
For such a pair u, v, the Richardson variety X v u coincides with an L-orbit closure. To turn this into a Schubert calculus rule, we need to understand the weak order poset of L-orbits on G/B and, as mentioned in the introduction, we understand this only conjecturally. We now state the specifics of Trapa's conjecture regarding the L-orbits on G/B.
First, recall the parametrization of K-orbits given in [MŌ90] , which is in terms of "clans". Generally speaking, a "(p, q)-clan" is a string of n = p + q characters, each a +, a −, or a natural number. The natural numbers are paired, meaning that each which appears does so exactly twice, and the number of +'s minus the number of −'s must be p − q. Such strings are considered equivalent up to permutation of the natural numbers, meaning that it is the positions of matching numbers which matters, and not what the numbers actually are. So, for instance, (1, 2, 1, 2), (2, 1, 2, 1), and (5, 7, 5, 7) are all the same clan, while (1, 1, 2, 2) is a different clan. See [Wys12] for more details if needed. Here, we will be interested in (2, 2n − 1)-clans in the type B case, and in (2, 2n − 2)-clans in the type D case. In each case, we will want our clans to satisfy the following symmetry condition. By [MŌ90] , the K-orbits are parametrized by symmetric (2, 2n − 1)-clans in the type B case, and by symmetric (2, 2n − 2)-clans in the type D case. Here is the conjectured combinatorial check on such a clan γ which should determine whether the associated K-orbit Q γ has one or two components.
Conjecture 3 (P. Trapa). For n even or odd, i.e. in both types B and D, the K-orbit Q γ corresponding to the symmetric (2, n − 2)-clan γ = (c 1 , . . . , c n ) is disconnected if and only if for any i with c i ∈ N, c i = c n+1−i .
Along with this conjecture comes the following description of the weak order on L\G/B relative to the (known) weak order on K\G/B: If, in the weak order graph for K\G/B, we have
and Q γ and Q γ ′ are both disconnected (say splitting as Q 1 γ ∪ Q 2 γ and Q 1 γ ′ ∪ Q 2 γ ′ ) then in the weak order graph for L\G/B, we have
As another possibility, if in K\G/B we have
and Q γ is disconnected (splitting as Q 1 γ ∪ Q 2 γ ) while Q γ ′ is connected, then in the weak order graph for L\G/B, we have
Assuming Conjecture 3 and examining the known descriptions of the weak order on K\G/B in the cases at hand, it is easy to see that these are the only possibilities. This thus gives a complete (albeit conjectural) description of L\G/B and its weak order. For the sake of argument, we assume this combinatorial model of L\G/B to be valid, and deduce from it a Schubert calculus rule describing c w w 0 u,v where u, v are as described in Lemma 1. To deduce the rule, we must describe how to associate to the Richardson variety X v u the appropriate L-orbit closure. We do so first in type B. Note that symmetric (2, 2n − 1)-clans are simple to describe. Indeed, each such clan fits one of the following three descriptions: Then X v u is one of the two L-orbit closures associated to the clan γ, while X w 0 u w 0 v is the other. On the other hand, (4) If v is positive, u is negative, and i := v −1 (1) = u −1 (1) < n, let γ(u, v) be a clan of type (b), with the 4 numbers occurring in positions i, i + 1, 2n + 1 − i, 2n + 2 − i and in the pattern (1, 2, 2, 1). (5) If v is positive, u is negative, and v −1 (1) = u −1 (1) = n, let γ(u, v) be a clan of type (c), with the 2 numbers occurring in positions n, n + 2.
Then X v u is the single L-orbit closure associated to the clan γ.
We give examples of the above: We now state the Schubert calculus rule implied by Conjectures 3 and 4. We describe a monoidal action of W on symmetric (2, 2n−1)-clans, following [MŌ90] . Let γ = (c 1 , . . . , c 2n+1 ) be a symmetric (2, 2n − 1)-clan.
Definition 5. We define the possible "type B operations" on γ as follows: In all other cases, s i · γ = γ. The action of s n on γ is as follows:
(5) If c n and c n+2 are unequal natural numbers, with the mate for c n occurring to the left of the mate for c n+2 , s n · γ is obtained from γ by operation (d). (6) If (c n , c n+1 , c n+2 ) = (+, −, +), s n · γ is obtained from γ by operation (e). In all other cases, s n · γ = γ.
Note the (*) on rule (7); an operation of this sort will introduce a Schubert constant of 2. We give examples of rules (1)- (7) Conjecture 7. Let u, v be type D Weyl group elements as described in the statement of Lemma 1. Let γ(u, v) be the clan associated to u, v as described in the statement of Conjecture 4, with the exception that we no longer consider case (5). Then the statement of Conjecture 4 holds also in type D.
Remark 8. Recall that by Lemma 1, elements u, v as described in case (5) of Conjecture 4 are not comparable in Bruhat order. This is why we omit this from consideration in the statement of Conjecture 7.
Assuming Conjecture 7 (which, again, follows easily from Conjecture 3), we can state a conjectural rule for Schubert constants c w w 0 u,v in type D, but we must define the monoidal Waction differently, again following [MŌ90] . Let γ = (c 1 , . . . , c 2n ) be a symmetric (2, 2n − 2)-clan.
Definition 9. The M (W )-action of s 1 , . . . , s n−1 in type D is exactly as described in type B, cf. Definition 5. We define the possible type D operations of s n on γ as follows:
(a) Interchange (c n−1 , c n+1 ) and (c n , c n+2 ). (b) Replace (c n−1 , c n , c n+1 , c n+2 ) by the pattern (1, 2, 1, 2) . (c) Replace (c n−1 , c n , c n+1 , c n+2 ) by the pattern (1, 2, 2, 1).
Then the M (W )-action on s n on γ is defined as follows:
(1) If (c n−1 , c n , c n+1 , c n+2 ) form the pattern (±, 1, 1, ±), s n · γ is obtained from γ by operation (a). (2) If (c n−1 , c n , c n+1 , c n+2 ) form the pattern (±, 1, 2, ±), the mate for c n lies to the left of c n−1 , and the mate for c n+1 lies to the right of c n+2 , s n · γ is obtained from γ by operation (a). Table  1 shows each of these 44 elements as words in the simple reflections, the clan obtained from computing the action of each on the clan γ, and the corresponding structure constant specified by Conjecture 6. Table 2 . (1, −, −, 2, −, 2, −, −, 1) 0 (1, −, −, 2, 2, −, −, 1) 0
